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. Multidimensional cosmological model with static internal spaces describing the evolution of an 

Einstein space of non-zero curvature and n internal spaces is considered. The action contains 
several dilatonic scalar fields tp 1 and antisymmetric forms A and A -term. When forms are 

■ chosen to be proportional to volume forms of p-brane submanifolds of internal space manifold, 
the Toda-like Lagrange representation arises. Exact solutions for the model are obtained, when 
scale factors of internal spaces are constant. It is shown that they are de Sitter or anti-de Sitter. 

■ Behaviour of cosmological constant and its generation by p-branes is demonstrated. 
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Here we consider a multidimensional gravitational model governed by the action contain- 
ing several dilatonic scalar fields and antisymmetric forms [||, |j, [7| and A -term with the 
aim of studying the solutions with static internal spaces. They are important if we want 
to have effective gravitational constant be really constant. 



We study a cosmological sector of the model from ]T5| (see also 0). We recall that the 



model from fl5j incorporates generalized non-composite intersecting p-brane solutions. 



Using the a -model representation from |L5|, H we reduce equations of motion to the 



pseudo-Euclidean Toda-like Lagrange system [|^-[|I4[ with the zero-energy constraint. 

Here we consider the case of constant vectors [IB, O, in the Toda potential and 
obtain exact solutions for the system with p-branes. In this case we deal with the set 
of algebraic equations and only one differential equation for Mo space. We investagate 
two possible cases, when all p-branes "live" on external manifold, and when p-brane 
world-sheet do not cover M space. 

In the first case using the synchronous-time parametrization we get the general exact 
solution for the initial cosmological metric. To get this solution we also use the so-called 
"fine-tuning" of the cosmological constant and curvatures of internal spaces. The second 
case turns out to be off interest due to independence of the solution on any p-brane 
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configurations. In this case we have an ordinary multidimensional cosmological solution 
with A -term |L6], |17| . We note that the solution with de Sitter and anti-de Sitter spaces 
are of interest now due to recent papers on M-theory on AdS/Superconformal theory 
duality|, 1,1. 



2 The model 

Here like in we consider the model governed by the action 

S = ^-J d D z^\{R{g] - 2A - £ \g MN d M ^d N ^ + — exp(2A J ^ J )(F / ; 

ZK JM L Tlj. 



where g = gMNdz M £g> dz N is a metric, (p 1 is a dilatonic scalar field, 

F 1 = dA 1 = —FL ,„ dz Ml A ... A dz Mn ' 



ni 



| 1 Mi...M ni 



(2.1) 



(2.2) 



is a rij -form ( rij > 2 ) on D -dimensional manifold M , A is the cosmological constant 
and Xji e R , I, J E Q . In ( 570 ) we denote \g\ = | det(#Miv)| > 



JW„,iV nr 



\ r )g — r Mi...M ni r Ni...N ni 9 

I G Q , Here is a non-empty finite set. 

Equations of motion corresponding to ( |2.1|) have the following form 

1 



(2.3) 



Rmn ~ ^mnR — Tmn — A^mat, 



■MN 



Tmn = E [ T mn + exp(2\ JlV J )Tl 
A l9]^ J ~ E ^y ex P (?\ KI ^ K ) {FX = 0, 



(2.4) 



ien 



VmM (exp(2X KlV K )F 1 ' 



Ml... M n 



I, J EQ and 



t mn = du^dNip 1 - ]^gMNdp( r o 1 d P ip 1 



T 



F 1 



MN 



MM 2 ...M ni ± N 



J,M 2 ...M ni 



(2.5) 

(2.6) 
(2.7) 



In ( |2.5|) A[g] and X/[g] are the Laplace-Beltrami and covariant derivative operators 
respectively corresponding to g . 
We consider the manifold 



M = R x M x . . . x M„ 



(2.8) 
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with the metric 

n 

g = w e 2 ^ du®du + Y. eW{u) 9 l i ( 2 - 9 ) 

i=0 

where w = ±1 , u is a time variable and g l = gm i n i {yi)dy 1 j nt ® ^vT is a metric on Mj 
satisfying the equation 

RrmM = Zigtrxrv (2-10) 

rrii, 7ii = 1, . . . , di ; ^ = const , z = 0, . . . , n . The functions 7, <p l : R. — ■> R ( R. is an 
open subset of R ) are smooth. 

We consider any manifold Mj to be oriented and connected, i — 0, . . . , n . Then, the 
volume dj-form 

Ti = yJ\g i {y i )\dy}A...Adyf i , (2.11) 

and signature parameter e(i) = sign(det(g^. n .)) = ±1 are correctly defined for all i = 
0, . . . ,n. 

Let Q from ([2.1|) be a set of all non-empty subsets of {0, . . . , n} . The number of 
elements in Q is \Q\ = 2 n+1 — 1 . 

For any I = {ii, . . . , i^} G Q , z'i < . . . < ik , we put in ( |2.2|) 

A 1 = $ / (w)r il A .. . Ar ik , (2.12) 

where functions $ 7 : R. — > R are smooth, led, and Tj are defined in ( |2 . 1 1 ) . We 
denote by 

d{I) = d h + ... + d ik = J2 d i ( 2 - 13 ) 

the dimension of the oriented manifold Mj = M i± x . . . x M ik . It follows from ( |2.12|) that 
F 1 = dA 1 = # / Ar 11 A...A r ik , and m = d(I) + 1, (2.14) 

I en. 

Thus, dimensions of forms F 1 in the considered model are fixed by a subsequent 
decomposition of the manifold. 

For dilatonic scalar fields we put if 1 = ^(u) , 7 G O. Let 

n 

/ = 7o-7, £di^ = 7o . (2.15) 

It is not difficult to verify that the field equations ( |2 . 4J) — (|2~5|) for field configurations 
from (2"1!), ( 2.14 ) may be obtained as equations of motion corresponding to the action 

S a = / due f i-wGij&cj) 3 - w5 IJ ip I if J - 



w ]T exp(2A/^ - 2 ]T ($ 7 ) 2 - 2V e" 2 4, (2.16) 
/en iei ' 

where (p = (ip 1 ) , Xj = (Xji) , <fi = d(p(u)/du; Gij = didij — didj are components of "pure 
cosmological" minisuperspace metric and 

1 n 

V = V{4>) = Ae 2 ^W --Y,iidi<r W+2M ® (2.17) 

2 i=l 

is the potential. In ( |2.16|) s(I) = e(ii) x . . . x e(z fe ) = ±1 for I = {z 1; . . . , i k } G . 
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3 Classical exact solutions 



We consider the harmonic time gauge 7 = 70 (0) • The problem of integrability of the 
Lagrange equations arising in this model may be simplified if we integrate the Maxwell 
equations 



d 

du 



(exp(2A / ^-2^^)<i> / ) =0, ^ = Q I ex P (-2X I 0+2j2d l A, (3.1) 
V iel / V iel ) 



where Q 1 are constant, I G Q . 

Let Q 1 7^ I G fi* , where C Q is some non-empty subset of Q . For fixed 
Q — (Q 1 \l ^ ^*) the Lagrange equations corresponding to <p l and (p 1 , when equations 
are substituted, are equivalent to Lagrange equations for the Lagrangian 



-Vn 



(3.2) 



where 



V Q = V Q {<t>,ip,w) = -wV{<t>) + \ £ e(/)exp f-2A^+ 2$>/j (Q') 2 - (3-3) 

( V(4>) is defined in (|2.17|) ). Thus, we are led to the pseudo- Euclidean Toda-like system 
(see ||, |Il|]-J14|]) with the zero-energy constraint: 



X -Gabx a x b - V Q , E q = X -G AB x A x B + V Q = 0, 



where x = (x J 



where 



(G 



Gij 



(3.4) 



(3.5) 



V 5 U J 

i,j G {0,...,n}, I, J E Q , and the potential Vq may be presented in the following form 



i=0 



VQ = E ( f 64 ) exp[2f/ l (x)] - (w)Aexp[2U A (x)} 



+ E £ ^W / ) 2 exp[2^(x)], 
fen. z 



(3.6) 



U A (x) = U%x A = djft, U\x) = -(j) 1 + J2 djft, 
3=0 3=0 

U I (x) = Y.d^-\i& 



(3.7) 



i,j G {0, . . . , n} , JeO. The contravariant components of these vector read 



U" = &Uj = 81 - 



U 



M 



2 - D 



8 ji 
di 



(3.8) 



where 

are the indicator of belonging i to I and the matrix inverse to the matrix (Cry) corre- 
spondingly, z, j = 0, . . . , n . 

Now let us continue with the case, when the scale factors of the internal spaces are 
constant. 



4 The case of constant internal space factors 

The Lagrange system (|3.4j ) leads to the following equations of motion 

G AB x B +g^ = 0. (4.1) 

Substituting the potential ( |3.6| ) into ( f4.1| ) we get the set of equations 

2w 

V - (wQexp[2W(x)] - ——Aexp[2U A (x)} 

+ £ ^Wf (fj - -§z^) ^W\x)\ = 0, (4.2) 
^ J - £ £ (/)(Q') 2 A/exp[2^(*)] = 0. (4.3) 

Now let us consider the special case with the = const , k — 1, . . . , n ; if 1 = const , 

I E Q . This case corresponds to the case with static internal spaces, when sizes of internal 
dimensions may be set arbitrary small and so unobservable during the whole evolution of 
the Universe. Then the equations of motion read 

0° - £ A exp[(2d - 2)0°] - AA A exp[(2d o )0°] + £ A°j exp[(2rf o 5 o / )0°] = 0, (4.4) 

- ^A k e W [{2d )<f>°] - AA A exp[(2d o )0°] + £ A) exp[(2d 5 V] = 0, (4.5) 

ien 

£ A/A? (* ' - ^) 1 «p[(2dotf)0°] = 0. (4.6) 
where = 1 , . . . , n , J G f2 and 

i=i a i=i z u i=i 

A k I = e{I){Q I f(5{-^) J] (*T ; - (4-8) 



/G/\{0} 



where we introduce new variables X k : X k = exp[20 fe ] , i — 0, . . . , n , k — 1, . . . , n and 
Q 1 = Q 7 exp[— \j0\ . Thus we have one differential equation ( |4.4j ) for 0°, the set of 
algebraic equations ( |4.5| ) for <p k and equations ( |4.6| ) for ip 1 , 7 e 0. 
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As we can see, there are two possibilities to solve equations (fOj), ( |4.5| ): G / , WI E Q 
or ^ / , V/ G Q , i.e. when forms are present in our external space or they are completely 
defined on internal subspaces. 



4.1 The case with all p-branes "living" also in external space 

Let us consider the first case. The equation ( |4.4| ) takes the form 

] = 0, A° Q = J2 A °i- (4-9) 

ien 



- £oA) exp[(2d - 2)0°] + {-AA A + A° n } exp[(2d 



The first integral of the equation (|4.9| ) reads 



exp[(2rf - 2)0 C 



AA A - A% 



2 2d - 2 " v /r J 2d 

where due to the zero-energy constraint ( |3.4| ) E' takes the form 



exp[2d o 0°] = E', (4.10) 



fe=1 2d Q (l- d 

exp[(24)0°] 
2 "0 /en 



M A fc exp[(2d o )0°] + ^ + 1 ) ex P [(2do)0°] 



1 - d 



d(I) x 
D — 2 



2do V 1 — c?o 

\ -l 

- 1 



(4.11) 



but if one sums the equations ( |4.5| ) with the weights c4 , one can get that E' — . Thus, 
we have the zero-energy constraint for the subsystem with 0° that is usefull for the models 
with inflation. Finally we get the following solution of ( |4.9|) 



1 ZqAq 
d -l 



exp[(2rf o -2)0°] 



XA \ ^ exp[2rfo0°] 



u - w , 



(4.12) 



where % — const . 

The equation ( [4.5| ) in this case takes the following form 

/ u& 2A W \ + E £(/)(0/)2 ^ _ ^)_^ n ^ = Q) (4l3) 



X k 2- D 



ien 



iei\{o} 



k = 1, . . . , n . 



4.2 The case with all p-branes not "living" in our space 

In the second case 0^1, V7 G Q to integrate equations ( |4.5|) we must put the following 
restriction on the scale factors of internal spaces 



D — 2 
2A ' 



(4.14) 
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This restriction let us cancel the terms with the scale factor of the M space. Such a 
method called "fine-tuning" was previously used in fT(| to obtain cosmological solutions 
with static internal spaces, but without p -branes. So, we get simple equations for the 
internal space factors: 

E^WV^-^^^W-O. ,4,5) 

k = 1, . . . , n . Equation ( ^4.4| ) in this case takes the form 

0° - £ A exp[(2rf - 2)0°] - AA A exp[(2d o )0°] + A° n = 0. (4.16) 

But if we sum the equations fl4.15| ) with the weights dk we get that = for this case. 
We also have the zero-energy constraint for the subsystem with 0° in this case. Thus the 
solution reads 

= u - u . (4.17) 



exp[(2rf - 2)0 U ] + — - exp[2d <; 



V — 1 ^0 

As we can see this solution does not depend on any p-brane properties. So, this is the 
cosmological solution with A -term (see ||16|| ). Thus, if p -branes do not "live" on M and 
they are compensated in internal spaces (see (|4.13|) ), we can not "feel" the influence of 
the branes configurations. 



5 Some examples and conclusion 

Now we consider some examples of the obtained solutions. As we can see, only the first 
case when 6/ , V7 G Q is interesting as p -branes solutions. So, let us investigate the 
solutions in this case. It is usefull to use the synchronous-time parametrization for the 
solutions. Let t s : dt s = e^du , be a synchronous time. Here we put w = —1 . Then the 
solution ( |4.12 ) takes the following form 

t s - (5.1) 



/ Co r 9 To, AA A - A° n 

exp[-20] — 

Let us consider some special case. Here we also use the "fine-tuning" of a cosmological 
constant A , and put 

2A 

£o = do-l, & = y^' ( 5 - 2 ) 



n . Then from (|5.1[) we get 



-dt s ®dt s + ^^g° + £g k , (5.3) 
u k=i 
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where 



doH2 = = 2A _ ^ -, )2 / _ & _ (M) 



-4) -0-2 ^ > ' V D-2 



Thus, for the new metric 



f = -dt s ® eft. + ^J2*V, (5.5) 

we have Ric[#°] = £ <7° ■ As we can see, for (M ,g°) = (S d °, g[S d °] = dVt 2 dQ ) we get the 
de Sitter space. In this case the relations ( |4.6| ) and ( |4.13| ) read 



e <i)m 2 U - =°> e * j Mi)m 2 = o, 



(5.6) 



k — 1, . . . , n , J G Q . For the form F 1 we also get 

F 1 = Q 1 e- X '*f A t{I), (5.7) 

where f is the volume form on dS do+1 , I — I \ {0} , 7gO, 

Example. Now let us consider some more special cases. Here we put n = 2 and 

fi={{0}, {0,1}, {0,2}}. (5.8) 



Thus, resolving the first equation in (5.6) we get the following formulas for the charges of 
forms 

(g°) 2 = - e(2)( j° + 1) g 2 , (Q ' 1 ) 2 = 4ty<5 2 , (0°- 2 ) 2 = q 2 , (5.9) 

d e(l) 

where Q 2 is some arbitrary constant. Here, as we can see, one must put e(l) = e(2) = 
— 1 . Thus, the effective cosmological term of the g° space in this case reads 



2A 2A e(0)~ 2 



d - 1 D-2 d 



Q , (5.10) 



so, for the case with (M ,g°) = (S d °, g[S d °] = dfl 2 do ) (g° is de Sitter space) e(0) = 
+ 1 and we may get the extremely small effective cosmological constant A while the 
multidimensional cosmological bare constant A has the Planck scale. 

The case with A = . If we put A = , then due to the equation ( 4.13 ) we come 
to the case with Ricci-flat internal spaces, i.e. = , k = 1, . . . ,n , without any other 
changes in the results of the section 5. But inflationary solutions are generated in this 
case only due to the fields of forms ( p -branes) . 

Thus, we considered the multidimensional cosmology, with n + 1 Einstein spaces of 
non-zero curvature (Mi,g l ), i = 0,...,n in the presence of several scalar fields and 
forms. When scale factors of the internal spaces (Mfc,^ fc ), k = 1, ...,n, are chosen 
to be constant, we obtained the exact solution, describing the evolution of one external 
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space (M ,g°) in the presence of n "frozen" internal spaces. There were investigated 
two possible cases: 6/ , VI G Q and 0^1, V7 G Q . The second case turned out to 
be off interest because p-brane configurations do not have any influence on a scale factor 
of the external space. In this case we had an ordinary cosmological solution with A -term 
for M . 

In the other case the influence of p-branes is rather important. There we got the 
solution for the metric of Mo in the synchronous-time parametrization, that allowed us 
to investigate this solution in detail. Although we considered the de Sitter type solution, 
we may also obtain the anti-de Sitter one for another sign of curvature. So, the solution 
may be de Sitter or anti-de Sitter one depending on p-brane configurations. In this case 
it is also necessary to use "fine-tuning" of the cosmological constant and curvatures of 
internal spaces to obtain the solutions. This allows us to make the effective cosmological 
constant A extremely small while the multidimensional cosmological constant A has the 
Planck scale. 
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